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Abstract: In this work we are going to present an alternative approach to the usual finite element formulation based on edge elements and the double-curl Maxwell equations. This formulation will be called
HORUS (High OrdeR elements Un-gaged near the Singularity) and it is based on high-order nodal elements
and the regularized Maxwell equations. HORUS gives spurious-free solutions and well-conditioned matrices but, especial care must be taken in the neighborhood of a field singularity. At the end of the paper are
given a few validation examples of HORUS applied to microwave filters.
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1. Introduction
The physical problem we want to solve is to find the electric field in a domain Ω, with a boundary ∂Ω,
produced by a divergence-free source J driven at a frequency of ω. The equations describing this general
problem are,


1
∇×
∇ × E − ω 2 εE = jωJ
in Ω
µ
(1)
n̂ × E = 0

in Γ

where Γ is the surface of a perfect electric conductor. If we are in a open domain, the Silver-Müller radiation
boundary condition must be added at infinity,
I
lim

r→∞ ∂Ω
r

√
k n̂ × ∇ × E + (jω εµ) E k2 = 0.

(2)

If ∂Ω is a waveguide port, the boundary conditions will be adapted to take into account the specific modes
of the waveguide, for instance, in a rectangular waveguide port, with only the fundamental mode T E10
propagating holds,
n̂ × (∇ × E) − γ10 (n̂ × n̂ × E) = U
(3)

being γ10 the propagation constant of the mode T E10 and being U = −2γ10 (n̂ × n̂ × ET E10 ) for the input
port, U = 0 for the output port [1].
This differential equation can be solved employing the double-curl weak formulation, that is, if we
define H0 (curl; Ω) := { U ∈ L2 (Ω) | ∇ × U ∈ L2 (Ω) , n̂ × U = 0 in Γ}, find a E ∈ H0 (curl; Ω)
such that, ∀ F ∈ H0 (curl; Ω) holds,
Z
Ω
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(∇ × E) · (∇ × F̄) dΩ − ω 2
µ

Z

Z

J · F̄ dΩ

ε E · F̄ dΩ + B.C.|∂Ω = jω

(4)

Ω

Ω

where the expression B.C.|∂Ω is the term that takes into account the radiation boundary conditions or the
modes in a waveguide port.
The typical approach, in the finite element method, is to solve the above weak formulation using edge
elements. This edge elements, proposed by Nédélec [2], seem to be the answer to most of the drawbacks
exhibited by FEM when applied to electromagnetism (see [3, 1] and references therein). With edge elements
are obtained spurious-free solutions, boundary conditions are easier to implement and the normal discontinuity and tangential continuity between different media are automatically satisfied. However, using edge
elements with the double-curl formulation (4) have some serious disadvantages [4, 5]. The most important
flaw is the matrices produced, which are ill-conditioned and that, in problems with a high number of unknowns, can even be singular [6]. Therefore, although edge elements have several advantageous features,
we can find ourselves in trouble when trying to solve problems where the use of direct methods, or good
preconditioning, can be limited by our hardware. There are other valid options, like the use of potentials
[7] or Lagrange multipliers [8, 9], but the number of unknowns is increased due to the presence of an extra
scalar function.
Under this scenario, we want to explore new possibilities. Our objective the rest of the paper is to present
a formulation that only uses the electric field as variable and that gives well-conditioned matrices.
2. Regularized Formulation with Nodal Elements
An alternative approach to solve (1) is to use an equivalent system of second-order differential equations
called regularized Maxwell equations,
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in Ω
(5)

∇ · (εE) = 0

in Γ

n̂ × E = 0

in Γ

where Γ is again the surface of a perfect electric conductor. If we are in a open domain, the Silver-Müller
radiation boundary condition (2) must be adapted to the regularization,
I
lim

r→∞ ∂Ω
r

√
k n̂ × ∇ × E − jω εµ (n̂ × n̂ × E) k2 = 0,
(6)
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√
| ∇ · E − jω εµ (n̂ · E) |2 = 0.

If ∂Ω is a waveguide port, the boundary conditions also must be adapted to the regularization, for instance,
in a rectangular waveguide port, with only the fundamental mode T E10 propagating, we must add to (3) the
condition,
n̂ · E = 0.
(7)
This differential equation can be solved employing the regularized weak formulation, that is, if we
define H0 (curl, div; Ω) := { U ∈ L2 (Ω) | ∇ × U ∈ L2 (Ω) , ∇ · (εU) ∈ L2 (Ω) , n̂ × U = 0 in Γ }, find
a E ∈ H0 (curl, div; Ω) such that, ∀ F ∈ H0 (curl, div; Ω) holds,
Z
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where the expression R.B.C.|∂Ω is the term, properly adapted to the regularization, that takes into account
the radiation boundary conditions or the modes in a waveguide port.
In [10] is demonstrated the equivalence between the classical problem (1), (4) and the regularized problem (5),(8). The regularized formulation has the characteristics required for an efficient FEM simulation,
that is, it calculates spurious-free solutions, with E as the only unknown, and it produces well-conditioned
matrices. Nodal elements can be used as the finite element base but, being careful in considering explicitly
the discontinuities between different media, as is done in [11]. Also, one has to be careful in defining the
normals when two or more dialectics intersect.
3. Field Singularities and the Regularized Formulation
In [10] is set that solving (8) is completely equivalent to solve the Maxwell equations, almost in a continuous level. But, if (8) is discretized with nodal finite elements in a non-convex polyhedral domain,
the situation changes. The problem is that the vectorial space spanned by the nodal basis is included
in H10 (Ω) := { U ∈ H1 (Ω) | n̂ × U = 0 in Γ }. On the other hand, H10 (Ω) is strictly included in
H0 (curl, div; Ω) for non-convex polyhedral domains and, moreover, H10 (Ω) is closed in H0 (curl, div; Ω)
[12, 13]. Then, sometimes, we can have a solution of (8) that belongs to H0 (curl, div; Ω) but not to H10 (Ω),
as happens, for instance, when the electric field is singular near the corners or edges of a perfect electric
conductor. In this case, it will be impossible to approximate the field using nodal elements, in fact, it will be
impossible using any H1 -conforming finite element discretization [14]. Summarizing, if the electric field
is singular in some point of the domain, the solution obtained with nodal elements and (8) will be globally
wrong no matter the element size or the polynomial order used in the discretization.
4. Weighted Regularization and HORUS
The weighted regularized Maxwell equations method (WRME) [13] is a robust formulation that overcomes the problem stated above. This is achieved by multiplying the divergence term of (8) by a geometry
dependant weight. This weight tends to zero when approaching to a field singularity. WRME gives wellconditioned matrices and nodal elements can be used as the finite element base.
HORUS (High OrdeR elements Un-gaged near the Singularity) is a simplification of WRME. In HORUS there is no need to calculate any geometry dependant weight. To achieve results similar to those in
WRME, the divergence term of (8) is removed from the elements that are in contact with the edges and
corners of dielectrics and perfect electric conductors, and also, from the elements that are in contact with
the intersection of several dielectrics. In [15, 16] the same strategy is followed for quasi-static problems.

5. Validation Examples
To check the accuracy of HORUS was calculated the scattering parameters of some microwave devices.
Fig.1, Fig.2 and Fig.3 are some examples of the simulations performed with HORUS. All the results were
obtained using a bi-conjugate gradient solver with a diagonal preconditioner. The number of iterations
needed to reach a relative error less than 10−4 was always less than 1% of the total number of unknowns.

Fig. 1. Circular cavity filter measured in [17]. HORUS used 3rd order nodal elements. The divergence
term of (8) was removed from the elements in contact with the edges of the coupling slots.

Fig. 2. Ridge waveguide measured in [18]. HORUS used 3rd order nodal elements. The divergence term of
(8) was removed from the elements in contact with the edges of the ridge.

Fig. 3. Method in [19]. HORUS used 3rd order nodal elements. The divergence term of (8) was removed
from the elements in contact with the edges of the dielectric.
6. Conclusion
In this paper has been presented HORUS, a nodal finite element formulation that solves the regularized
Maxwell equations. To overcome the problem raised by the presence of field singularities, the divergence
term of (8) is removed from the elements in contact with the edges and corners of dielectrics and perfect
electric conductors, and also, from the elements in contact with the intersection of several dielectrics. Currently more simulations are being performed, with different geometries and boundary conditions, to check
the robustness of the method.
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