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This paper presents an alternative approach to the usual finite element formula-
tion based on edge elements and the double-curl Maxwell equations. This alterna-
tive approach is based on nodal elements and the regularized Maxwell equations.
The advantage is that, without adding extra unknowns, like Lagrange multipliers,
it provides spurious-free solutions and well-conditioned matrices. The drawback
is that a globally wrong solution is obtained when the electromagnetic field has a
singularity in the problem domain. The main objective of this work is to obtain
accurate solutions with nodal elements and the regularized formulation even in
the presence of electromagnetic field singularities.

Keywords: Finite element method, regularized Maxwell equations, weighted reg-
ularization, singularities, intersection of dielectrics and nodal elements.

Introduction

The typical approach when solving a general electromagnetic problem with the fi-
nite element method (FEM) is to use edge elements and the double-curl Maxwell
equations. These edge elements, proposed by Néd́elec [1], seem to be the answer
to most of the drawbacks exhibited by FEM when applied to electromagnetism
(see [2, 3] and references therein). With edge elements, spurious-free solutions
are obtained, boundary conditions are easier to implement and the normal dis-
continuity and tangential continuity between different media are automatically
satisfied. In addition, they present a better behavior in non-convex domains than
Lagrangian elements [4]. However, using edge elements with the double-curl for-
mulation has also disadvantages [5, 6]. The most important flaw is the matrices
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produced, which are ill-conditioned and, in problems with a high number of un-
knowns, can even be singular [7]. The use of potentials or Lagrange multipliers
can improve the conditioning of the matrix [8, 9] but the number of unknowns
is increased by the presence of these scalar functions. Therefore, although edge
elements present several advantageous features, we can have troubles when trying
to solve big problems where the use of direct methods, or good preconditioning,
can be limited by our computer hardware. Because of this, it would be desirable
to explore alternative FEM formulations which provide us with matrices easy to
solve by means of iterative solvers.

The alternative approach proposed in this work is based on nodal elements and
the regularized Maxwell equations [10, 11]. The good point of this proposal is that
it provides spurious-free solutions with well-conditioned matrices and, moreover,
only the three components ofE, orH, are the unknowns, that is, there is no need of
extra functions, like Lagrange multipliers or scalar potentials. On the other hand,
new difficulties arise that were not present in the classical formulation. The main
drawback is that, if the electromagnetic field has a singularity in the problem do-
main, aglobally wrongsolution is obtained. Also, boundary conditions and field
discontinuities are more laborious to implement. In this paper it is explained how
to overcome these difficulties. The main objective is to demonstrate that accurate
solutions can be obtained using nodal elements and the regularized formulation.
The comparative performance of the alternative formulations,nodal-regularized
versus the classical formulationedge-double-curlwill be the topic of future work.

In the first two sections, the classical double-curl formulation and the regu-
larized Maxwell formulation are exposed, both adapted to electromagnetic prob-
lems in frequency domain. The formulations are written to emphasize their differ-
ences in the differential and weak form and also in the boundary conditions. This
method can useE or H as the primary unknown but, in this work, for simplicity,
we use theE field only.

In the next section, it is explained how to deal with field discontinuities and
nodal elements. It is not only explained how to solve problems with a disconti-
nuity surface present, but also how to work with the intersection of three or more
different materials.

Once we are acquainted with the regularized formulation, the problem of the
singularities is described: why it is produced and how to overcome this critical
question.

Finally, in the last sections, several examples in 2D and 3D are shown to check
the accuracy of the method.
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Double-Curl Maxwell Equations and Edge Elements

The generic problem we want to solve is to find the electric fieldE in a domainΩ,
with boundary∂Ω, produced by a divergence-free sourceJ driven at a frequency
ω. The equations describing this situation, the so-calleddouble-curl Maxwell
equations, are

∇×
(

1

µ
∇× E

)
− ω2εE = −jωJ in Ω

n̂× E = 0 in Γ

(1)

whereΓ is the surface of a perfect electric conductor. If we are in an open domain,
the Silver-M̈uller radiation boundary condition must be added at infinity:

lim
r→∞

∮
∂Ωr

‖ n̂×∇× E − (jω
√

εµ)E ‖2 = 0 (2)

If ∂Ω is a waveguide port, the boundary conditions will be adapted to take into
account the specific modes of the waveguide. For instance, in a rectangular waveg-
uide port, with only the fundamental modeTE10 propagating,

n̂× (∇× E) − γ10 (n̂× n̂× E) = U (3)

holds, whereγ10 is the propagation constant of the fundamental modeE10 and

U = −2γ10(n̂× n̂× E10),

U = 0
(4)

for the input and the output port, respectively [3].
The above set of equations can be solved using an equivalent weak formula-

tion, that is, if we define

H0(curl; Ω) := {F ∈ L2(Ω) | ∇ × F ∈ L2(Ω), n̂× F = 0 in Γ} (5)

solving equation (1) is equivalent to finding anE ∈ H0(curl; Ω) such that,∀F ∈
H0(curl; Ω) holds∫

Ω

1

µ
(∇× E) · (∇× F̄) − ω2

∫
Ω

εE · F̄ + B.C.|∂Ω = −jω

∫
Ω

J · F̄ (6)

where the expressionB.C.|∂Ω is the term that takes into account the radiation
boundary conditions or the modes in a waveguide port. This weak formula-
tion, discretized with edge elements, is the classical way to use the finite element
method when applied to electromagnetic field problems. The advantages and dis-
advantages of this approach were cited in the introduction of this paper.
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Regularized Maxwell Equations and Nodal Elements

An alternative to solve (1) is to use an equivalent system of second-order differ-
ential equations, the so-calledregularized Maxwell equations:

∇×
(

1

µ
∇× E

)
− ε̄∇

(
1

ε̄εµ
∇ · (εE)

)
− ω2εE = −jωJ in Ω

∇ · (εE) = 0 in Γ

n̂× E = 0 in Γ

(7)

whereΓ is again the surface of a perfect electric conductor andε̄ is the complex
conjugate ofε. If we are in an open domain, the Silver-Müller radiation boundary
condition (2) must be adapted to the regularization

lim
r→∞

∮
∂Ωr

‖ n̂×∇× E + jω
√

εµ (n̂× n̂× E) ‖2 = 0

lim
r→∞

∮
∂Ωr

|∇ · E + jω
√

εµ (n̂ · E) |2 = 0

(8)

If ∂Ω is a waveguide port, the boundary conditions must also be adapted to the
regularization, for instance, in a rectangular waveguide port, with only the funda-
mental modeTE10 propagating, we must add to (3) the condition

n̂ · E = 0. (9)

The above differential equation can be solved using an equivalent weak for-
mulation, that is, if we define

H0(curl, div; Ω) := {F ∈ L2(Ω) |∇ × F ∈ L2(Ω), ∇ · (εF) ∈ L2(Ω),

n̂× F = 0 in Γ },
(10)

solving equation (7) is equivalent to finding anE ∈ H0(curl, div; Ω) such that,
∀F ∈ H0(curl, div; Ω)∫

Ω

1

µ
(∇× E) · (∇× F̄) +

∫
Ω

1

ε̄εµ
(∇ · (εE)) · (∇ · (ε̄ F̄))

− ω2

∫
Ω

εE · F̄ + R.B.C.|∂Ω = −jω

∫
Ω

J · F̄
(11)

holds. The expressionR.B.C.|∂Ω is the term, properly adapted to the regulariza-
tion, that takes into account the radiation boundary conditions or the modes in a
waveguide port.
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In [10], the equivalence between theclassicalproblem (1), (6) and theregular-
izedproblem (7),(11) is demonstrated. The regularized formulation has the char-
acteristics required for an efficient FEM simulation, that is, it calculates spurious-
free solutions, withE as the only unknown, and it produces well-conditioned
matrices. Nodal elements can be used as the finite element base but, being careful
in considering explicitly the discontinuities between different media, as explained
in the next section.

Although equation (11) looks like a penalized method, the regularized for-
mulation has no undetermined constants and with the help of the extra boundary
conditions the problem is well-posed. It is worth to emphasize the importance of
the extension of the boundary conditions in the regularized formulation: if these
extra boundary conditions are omitted we can increase severely the number of
iterations needed for an iterative solver to achieve convergence or even obtain
spurious solutions.

Nodal Elements and Field Discontinuities

As mentioned in the previous section, nodal elements are used along with the
regularized formulation. Due to the fact that these elements impose normal and
tangential continuity, we must consider explicitly the discontinuities between dif-
ferent media. To do so, we employ the technique explained in [12]. This technique
consists in defining two different nodes, one on each side of the discontinuity and,
during the assembly procedure, relate the two nodes as follows, E+

x

E+
y

E+
z

 =

 n2
xξ + 1 n2

xn
2
yξ n2

xn
2
zξ

n2
xn

2
yξ n2

yξ + 1 n2
yn

2
zξ

n2
xn

2
zξ n2

yn
2
zξ n2

zξ + 1

 E−x
E−y
E−z

 (12)

being

ξ =
ε− − j(σ−/ω)

ε+ − j(σ+/ω)
− 1,

n = (nx, ny, nz) is the unit normal at the surface and superscripts ”+” and ”-”
denote each side of the discontinuity surface. In this procedure, the node in side
”+” is removed from the total linear system with the help of (12) and only the
unknowns in the side ”-” are solved for. No extra unknowns are added and the
symmetry of the total FEM matrix is retained if the side ”+” is removed using
(12) and its transpose [13].
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Figure 1: Intersection of four different materials. The interface between different
materials is considered as separated surfaces related by (12). The vectorsn21, n31

andn41 are the unit normals to the surfaces limiting the volume of materials 2, 3
and 4, respectively. In the intersection, we apply (12) to the pairs 2-1, 3-1 and 4-1.

Although this technique works well for discontinuity surfaces, we need a pro-
cedure to deal with the intersection of three or more different materials. An at-
tempt was made in [14], but the finite element bases appearing there do not belong
to H0(curl, div; Ω) and can not be used to discretize (11). Our approach to over-
come this setback consists in a simple extension of the method presented at the
beginning of this section. For instance, in a situation like the one shown in figure
1, we define four different nodes at the center. One of the nodes defined at the
center play the role of ”-” in (12). In this case the selected node is in material 1.
Then, during the assembly procedure, we apply (12) to the pairs 2-1, 3-1 and 4-1,
with unit normalsn21, n31 andn41 respectively. Nodes 2,3 and 4 are removed
from the total linear system and only the unknowns of node 1 are solved. The
best choice for the role of ”-” is the node that is in the material with the smallest
|ε − j(σ/ω)|. It was observed that this option gives always the lowest number of
iterations when solving the total FEM matrix with iterative solvers.

Regularized Formulation and Field Singularities

In [10], it is shown that solving (11) analytically is equivalent to solving (6).
However, we must be careful when solving (11) numerically with nodal finite
elements in a non-convex polyhedral domain. IfVh is the vectorial space spanned
by K nodal basis functionsNi(r),

Vh := {uh |uh = x̂
K∑

i=1

cxi
Ni(r) + ŷ

K∑
i=1

cyi
Ni(r) + ẑ

K∑
i=1

czi
Ni(r) , ci ∈ C }
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Figure 2:‖E‖ in a waveguide step discontinuity. Left: reference solution. Right:
same problem solved with the regularized formulation.

and

H1
0(Ω) := {F ∈ L2(Ω) | ∂F

∂x
,

∂F

∂y
,

∂F

∂z
∈ L2(Ω) , n̂× F = 0 in Γ },

is clear thatVh is included inH1
0(Ω). On the other hand, for non-convex poly-

hedral domains,H1
0(Ω) is strictly included inH0(curl, div; Ω) and, moreover,

H1
0(Ω) is closed inH0(curl, div; Ω) [15, 11]. As a consequence of this theorem,

if E, the analytical solution of (11), belongs toH0(curl, div; Ω) but not toH1
0(Ω),

then, it is impossible to approximateE using nodal elements. In fact, such an ap-
proximation is impossible using anyH1-conforming finite element discretization
[16]. This situation happens, for instance, when the electric field is singular in the
corners or edges of a perfect electric conductor. In other words, for non-convex
polyhedral domains we have

Vh ⊆ H1
0(Ω) ⊂ H0(curl, div; Ω).

If the electric field is singular at some point of the domain, the analytical solution
E belongs toH0(curl, div; Ω) but not toH1

0(Ω). This means thatE can not be
approximated with nodal elements and (11), because any approximation ofE, no
matter the element size or the polynomial order used in the discretization, will
belong toH1

0(Ω). In fact, what is being approximated using (11) and nodal ele-
ments is the Garlekin projection ofE ontoH1

0(Ω), which is, in general, globally
different toE. An example of this behavior is shown in figure 2.
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A good option to overcome the problem with the singularities in the regular-
ized formulation is to follow theweighted regularized Maxwell equations method
(WRME) explained in [11]. There are other possibilities, like [17, 18] or [19], but
the WRME is more general and robust. In the WRME we have to multiply the
divergence term of (11) by a geometry dependant weight. This weight tends to
zero when approaching to a field singularity. To be more specific, the weightτ is

τ :=

( ∏
corners

rγc

)
·

(∏
edges

ργe

)
, (13)

wherer andρ are the distances from a point in the domain to the corner or edge
where the field is singular. The coefficientsγc andγe only depend on the geometry
and can be calculated theoretically [11]. The WRME defines the space

X := {u ∈ H0(curl; Ω) | τ(∇ · u) ∈ L2
loc(Ω) },

and solves the problem of finding anE ∈ X such that,∀F ∈ X holds∫
Ω

1

µ
(∇× E) · (∇× F̄) +

∫
Ω

τ

ε̄εµ
(∇ · (εE)) · (∇ · (ε̄ F̄))

− ω2

∫
Ω

εE · F̄ + W.R.B.C.|∂Ω = −jω

∫
Ω

J · F̄,

(14)

where the expressionW.R.B.C.|∂Ω is the term, properly adapted to the weighted
regularization, that takes into account the radiation boundary conditions or the
modes in a waveguide port. In [11], it is demonstrated that solving (14) is equiv-
alent to solving the Maxwell equations and also thatH1

0(Ω) is dense inX. These
results imply that nodal elements converge to the right electromagnetic field solu-
tion even in the presence of singularities.

The method proposed in this work is a simplification of WRME. Instead of
(13), the divergence term of (11) is multiplied by a weight which is equal to zero
in the elements near a singularity and equal to one in the rest. The same idea
appears in [20] for eddy current problems with theT − Ω formulation and also
in [21] for magnetostatic problems with the potentialA formulation. It is worth
to mention that WRME always needs finer meshes, and more iterations of the
iterative solvers, to achieve the same accuracy than the simplified formulation.
This was observed for the 2D problems in the next section. No testing of the
WRME for 3D problems was performed.
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Henceforth, when a problem is said to be solved with 1 UL (UngagedLayer),
it means that only the elements with a node in contact with a singularity have the
weight equal to zero. If a problem is said to be solved with 2 UL, it means that the
weight is set to zero in the elements with a node in contact with a singularity and
also, in the elements that have a node in contact with the elements of the first layer.
An equivalent definition is applied for 3 UL, 4 UL and so on. Only the elements
in the UL have the weight equal to zero, for the rest the weight is equal to one.
These UL must be applied in all the places where the field is singular. If we keep a
singularity point without this treatment, the simulation can give a globally wrong
solution. To know the places where the field is singular we only need to analyze
the geometry and look for [22]:

• Reentrant corners and edges of perfect electric conductors.

• Corners and edges of dielectrics.

• Intersection of several dielectrics.

Once these points are located, the number of UL depends on the size and order of
the elements, as shown in the next sections. If, for some reason, very small ele-
ments are required around the singularity, the number of UL must be increased.
Not doing so is equivalent to use (11) instead of (14). To distinguish the simpli-
fied formulation from the WRME, we will call the method HORUS (High OrdeR
elementsUn-gaged near theSingularity).

Validation Examples in 2D

This section shows some 2D configurations used to check the accuracy of HORUS
(figures 3, 4, 5 and 6). The geometries employed are four different discontinuities
in a parallel-plate waveguide. The problems are driven by a current densityJy = 1
A/m2 at a frequency of 10 GHz. The walls of the waveguide are perfect electric
conductors (PEC). The discontinuous lines at the sides symbolize the application
of the 1st order absorbing boundary conditions (1st ABC). The reference solution
E = (Ex,Ey) is obtained by the differentiation ofHz with the method explained in
[3](chapter 4). On the other hand, HORUS calculatesE = (Ex,Ey) directly from
(14), with the weightτ as it is explained in the previous section. The unit normals
at the nodes placed in singular corners are calculated as a geometric average and
they are used in (12), or in the PEC condition, like in any other node [13]. HORUS
was tested with triangular nodal elements from 1st to 6th order. From 3rd to 6th
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order elements and 1 UL accurate solutions were obtained even near the singular-
ity. With 2nd order elements and 3 UL correct solutions were obtained, too. With
1st order elements it was not possible to obtain accurate solutions even with 6 UL.
In the graphs of figures 3, 4, 5 and 6, it can be seen that the reference solution
and HORUS overlap perfectly even in the neighborhood of the singularity. In the
same graphs, the result of using (11) without taking into account the effect of the
singularities is also represented (graphRegularized ME).

Figure 3: Step discontinuity in a parallel-plate waveguide.
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Figure 4: Sheet singularity in a parallel-plate waveguide.
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Figure 5: Dielectric in a parallel-plate waveguide.
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Figure 6: Intersection of dielectrics in parallel-plate waveguide.
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Validation Examples in 3D

This section presents some 3D configurations solved with HORUS. Figures 7, 8
and 9 display three microwave filters taken from [23], [24] and [25]. HORUS
calculates the scattering parameters of this microwave filters applying (3), (4) and
(9) in the waveguide ports. The elements used were 2nd and 3rd order tetrahe-
dral nodal elements. With 3rd order elements and 1 UL excellent results were
obtained, as can be seen in the figures 7, 8 and 9. With 2nd order elements and
3 UL good results can also be obtained, but less accurate than with 3rd order
elements. Nonetheless, although 2nd order elements are less accurate than 3rd
order elements, they are computationally more efficient and very useful for some
applications.

The last validation example (figures 10, 11, 12 and 13) is a PROCOM MU9-
XP4 antenna installed in a motorbike. This problem was solved in the frame of
the project PROFIT SANTTRA (Sistema de ANTenas para Transceptores de RA-
dio, Ref: FIT-330210-2006-44) based on the European project PIDEA-EUREKA
SMART (SMart Antennas system for Radio Transceivers). EADS SN [26] per-
formed the simulation with the Method of Moments (MoM) implemented in the
commercial code FEKO [27] and the results were compared with HORUS. The
objective was to calculate the Specific Absorption Rate (SAR) distribution pro-
duced by the antenna in a body placed 0.6 m away. The antenna is fed by a
coaxial source with 10 W (40 dBm) at a frequency of 406 MHz. The body has
a densityρ = 1000 Kg/m3 with electric properties:εr = 41.3, σ = 0.58 S/m
andµr = 1. A perfect electric conductor (PEC) ground is placed 1.22 m below
the feeding point of the antenna. A PEC topcase is placed 0.15 m below the same
feeding point (figures 10 and 11). HORUS employed tetrahedral nodal elements
of 2nd order with 3 UL in the edges of the topcase and also 3 UL in the edges of
the base and tip of the antenna. Extended 1st order ABC (8) were used as bound-
ary conditions. The results of the simulations are shown in figures 12 and 13. The
maximum SAR value obtained with HORUS was 0.06 W/Kg, located in the neck.
The maximum SAR value obtained with FEKO was 0.07 W/Kg, also located in
the neck. The SAR averaged over the 10 grams cube was 0.04 W/Kg (HORUS)
and 0.06 W/Kg (FEKO).
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Figure 7: Cylindrical cavity filter measured in [23]. HORUS used tetrahedral 3rd
order nodal elements and the weight in (14) was set to zero only in the elements
with a node in contact with the edges of the coupling slots (1 UL).

Figure 8: Ridge waveguide measured in [24]. HORUS used tetrahedral 3rd order
nodal elements and the weight in (14) was set to zero only in the elements with a
node in contact with the edges of the ridge (1 UL).
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Figure 9: Dielectric in a rectangular waveguide. Reference scattering parameters
values obtained from [25]. HORUS used tetrahedral 3rd order nodal elements and
the weight in (14) was set to zero only in the elements with a node in contact with
the edges of the dielectric (1 UL).
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Figure 10: PROCOM MU9-XP4 antenna installed in a motorbike. Left: real
geometry. Right: FEM mesh by GiD [28] used for HORUS simulations. The
mesh is composed of tetrahedral 2nd order nodal elements.
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Figure 11: PROCOM MU9-XP4 antenna installed in a motorbike. Detailed ge-
ometry.

18



Figure 12: Iso-surfaces for SAR = 0.03 W/Kg. Left: FEKO results. Right: HO-
RUS results.
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Figure 13: SAR distribution calculated with HORUS. Maximum value is 0.06
W/Kg, located in the neck.
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Conclusion

It is demonstrated in this paper that accurate solution can be obtained with nodal
elements and the regularized formulation even in the presence of electromagnetic
field singularities. To do so, we have used a simplified version of the weighted
regularized Maxwell equation method. This simplification consists of a weight
equal to zero applied in the elements near a singularity and equal to one in the
rest. The number of layers of elements whose weight is equal to zero depends on
their size and order. For a given element order this number is fixed but, if for some
reason, we mesh with very small elements near a singularity, this number must be
increased to obtain a correct solution. It is necessary to carry out a further study on
the relationship between the number of elements with a weight equal to zero and
the element size, element order and singularity order. Also, a deeper theoretical
knowledge of how this simplification affects the well-conditioning and conver-
gence of the regularized formulation is needed. In a future work a comparative
performance of HORUS with other methods will be given.
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[20] Kurt Preis, Oszḱar B́ıró, and Igor Ticar. Gauged current vector potential and
reetrant corners in the FEM analysis of 3D eddy currents.IEEE Transactions
on Magnetics, 36:840–843, 2000.

[21] M. Kaltenbacher and S. Reitzinger. Appropiate finite-element formulation
for 3-D electromagnetic-field problems.IEEE Transactions on Magnetics,
38:513–516, 2002.

[22] J. Van Bladel. Singular Electromagnetic Fields and Sources. IEEE Press,
1991.
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