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Abstract - In this paper we present a finite element model in frequency
domain which computes the Lorentz force that drives an electromagnetic
forming (EMF) process. The only input data required are the electrical
parameters of the capacitor bank, the coil and the work piece. The main
advantage of this approach is that it provides an explicit relation between
the parameters of the EMF process and the frequency of the discharge,
which is a key parameter in the design of an optimum EMF system. The
method is computationally efficient because it only requires to solve
time-harmonic Maxwell’s equations for a few frequencies and it can be very
useful for coil design and for testing modeling conditions on complex
three-dimensional geometries.
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Introduction

Electromagnetic forming (EMF) is a high velocity forming technique that
uses electromagnetic forces to shape metallic work pieces. The process starts
when a capacitor bank is discharged through a coil. The transient electric
current which flows through the coil generates a time-varying magnetic field
around it. By Faraday’s law of induction, the time-varying magnetic field
induces electric currents in any nearby conductive material. According to
Lenz’s law, these induced currents flow in the opposite direction to the
primary currents in the coil. Then, by Ampère’s force law, a repulsive force
arises between the coil and the conductive material. If this repulsive force
is strong enough to stress the work piece beyond its yield point then it can
shape it with the help of a die or a mandrel.
Although low-conductive, non-symmetrical, heavy gauge or small diameter work pieces may not be suitable for EMF, this technique presents several
advantages. For example: no tool marks are produced on the surfaces of the
work pieces, no lubricant is required, improved formability, less wrinkling,
controlled springback, reduced number of operations and lower energy cost.
In order to successfully design sophisticated EMF systems and control their
performance, it is necessary to advance in the development of theoretical
and numerical models of the EMF process. This is the objective of the
present work. More specifically, we focus our attention on the numerical
analysis of the electromagnetic part of the EMF process. For a review on
the state-of-the-art of EMF see [40, 31, 6, 9, 19] or the introductory chapters
in [21, 33, 5, 34], where a general overview about the EMF process and also
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an abundant bibliography are given.
In this paper we present a method to compute numerically the Lorentz
force that drives an EMF process. The input data required are the geometry and material properties of the system coil-work piece and the electrical parameters of the capacitor bank. With these data and time-harmonic
Maxwell’s equations we are able to calculate the current flowing trough the
coil and the electromagnetic forces acting on the work piece. The main advantage of this method is that it provides an explicit relation between the
parameters of the EMF process and the frequency of the discharge, which as
it is shown in [13, 43, 11], is a key parameter in the design of optimum EMF
systems. The method is computationally efficient because it only requires
to solve time-harmonic Maxwell’s equations for a few frequencies (around
15 frequency points are usually enough) which, moreover, can be calculated
in parallel and independently of one another. With this small amount of
simulations we are able obtain the Lorentz force for all the possible values
of the external RLC circuit. Therefore, our frequency domain approach can
be very useful for coil design and for testing modeling conditions on complex
three-dimensional geometries. Also, it can be used to estimate the optimum
frequency and capacitance at which the maximum work piece deformation
is attained for a given initial energy and a given set of coil and work piece
[26, 29].
EMF is fundamentally an electro-thermo-mechanical process [16]. Different coupling strategies have been proposed to solve numerically this multiphysics problem, but they can be reduced to these three categories: direct or
monolithic coupling, sequential coupling and loose coupling. In all of them,
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a time domain approach is usually employed.
The direct or monolithic coupling [38, 18] consists in solving the full set
of field equations every time step. This approach is the most accurate but it
does not take advantage of the different time scales characterizing electromagnetic, mechanical and thermal transients. Moreover, the linear system
resulting from the numerical discretization leads to large non-symmetric matrices which are computationally expensive to solve and make this approach
unpractical.
In the sequential coupling strategy [9, 22, 42, 34, 11] the EMF process is
divided into three sub-problems (electromagnetic, thermal and mechanical)
and each field is evolved keeping the others fixed. Usually the EMF process
is considered adiabatic and only the numerical solution of the electromagnetic and the mechanical equations are alternately determined. That is, the
Lorentz forces are first calculated and then automatically transferred as input load to the mechanical model. The work piece is deformed according to
the mechanical model and, thereafter, the geometry of the electromagnetic
model is updated and so on. These iterations are repeated until the end of
the EMF process. The advantages of this method are that it is very accurate
and it can be made computationally efficient.
In the loose coupling strategy [19] the Lorentz forces are calculated neglecting the work piece deformation. Then, they are transferred to the mechanical model which uses them as a driving force to deform the work piece.
This approach is less accurate than the former methods, but it is computationally the most efficient and it can be very useful for estimating the order
of magnitude of the parameters of an EMF process, for experimentation on
4

modeling conditions or for modeling complex geometries. Also, it provides
results as accurate as the other strategies in processes in which almost all the
electromagnetic energy is transferred to the work piece before the changes
in the geometrical configuration start to be significant (e.g., in processes
with small deformations or abrupt magnetic pressure pulses). In [1, 41, 15]
a comparative study of the performance of this approach compared to the
sequential coupling strategy is presented.
In this work we perform all electromagnetic computations neglecting the
work piece deformation. This is done for clarity reasons and also because
the results obtained with a static, un-deformed work piece are useful for a
rough estimation of the parameters involved in an EMF process. Moreover,
in many situations the usual uncertainties in the knowledge of some EMF
parameters can spoil any improvement generated by the computationally
more expensive sequential coupling.
The main source of uncertainties in an EMF set-up comes from the
mechanical behavior of the work piece at high strain rates and, if present,
from its interaction with the die [32]. Mechanical models and its related
parameters can be well-known for quasi-static deformations, but are more
difficult to obtain and less known for high strain rate deformation processes
[10, 31]. Another source of uncertainties are the electrical parameters of the
RLC circuit. The electrical properties of the connectors or the junctions
between the different parts of the circuit are not always measured properly
or taken into account, which difficults the comparison between simulations
and measurements (see [21]).
On the other hand, if we have a precise knowledge of all the EMF pa5

rameters and we want to improve the accuracy of the simulations then, we
can consider our results as the first step of a sequential coupling strategy.
That is, we transfer the force calculated on the un-deformed work piece to
the mechanical model. The work piece is deformed according to the mechanical model until it reaches a prefixed amount of deformation. Then, we
input the new geometry into the electromagnetic model and so on. In this
sequential strategy it is not necessary to solve the electromagnetic equations
in each time step. It is only necessary to solve them when the deformation of
the work piece produces appreciable changes in the electromagnetic parameters of the system coil-work piece (i.e., inductance, resistance, and Lorentz
force), which saves computational resources.

2

Electromagnetic model

The electromagnetic model taken as a basis in the present work starts by
solving time-harmonic Maxwell’s equations in a frequency interval. For
each frequency ω = 2πν we compute the electromagnetic fields E(r, ω) and
H(r, ω) inside a volume υ containing the coil and the work piece (system coilwork piece). With these fields we compute the inductance Lcw (ω) and the
resistance Rcw (ω) of the system coil-work piece. With Lcw (ω) and Rcw (ω)
we obtain the intensity I(t) of the current flowing through the coil. Finally,
with I(t), E(r, ω) and H(r, ω) we can calculate the Lorentz force that drives
the EMF process.
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2.1

Time-harmonic Maxwell’s equations

We start our computations by solving time-harmonic Maxwell’s equations
inside a volume containing the coil and the work piece. For that purpose, we
can use any finite element method (FEM) software in the frequency domain
able to provide the fields E(r, ω) and H(r, ω) inside the problem domain.
In this work, we employ an in-house code called ERMES [25, 7]. This
computational tool is the C++ implementation of the FEM formulation
explained in [23, 27]. For more details and applications of ERMES see also
[24, 30, 28].
The time-harmonic electromagnetic fields E(r, ω) and H(r, ω) must be
calculated, in theory, for the frequencies ω ∈ (−∞, ∞). But, in practice, it
is only necessary to solve Maxwell’s equations in the interval

0≤ω≤

2
µσ (0.4τ )2

(1)

where µ is the magnetic permeability of the work piece, σ is its electrical conductivity and τ is the thickness of the work piece. The maximum frequency
in (1) is the frequency which makes the skin depth δ =

p

2/ωµσ equal to

δ = 0.4τ . This value is selected because it has been observed in the literature that, in general, the frequencies used in an EMF discharge accomplish
ω1.5τ ≤ ω ≤ ω0.5τ . Therefore, if we solve time-harmonic Maxwell’s equations
in the interval (1), we guarantee that all the frequencies of practical interest
are covered.
The useful frequencies of an EMF discharge are usually inside the interval
ω1.5τ ≤ ω ≤ ω0.5τ because if the frequency of the triggering current is
7

too low (ω < ω1.5τ ) the induced eddy currents are not strong enough to
drive a forming process, since their intensity is proportional to the time
derivative of the magnetic flux, which in turn is proportional to the slope
of the triggering current. This explains why a sufficient high frequency is
required for electromagnetic forming. Moreover, at low frequencies, with
a skin depth δ > 1.5τ , the magnetic field is permeating in excess of the
work piece’s thickness, favoring the magnetic cushion effect [2, 17]. This
effect hinders the deformation of the work piece by generating a magnetic
pressure contrary to its movement. On the other hand, if the frequency of
the triggering current is too high (ω > ω0.5τ ) the transmission of momentum
from the electromagnetic fields to the work piece is not efficient and the
transformation of electromagnetic energy into mechanical deformation is less
effective (see [26]). This mainly happens, because the reduced skin depth
(δ < 0.5τ ) increases Ohmic losses and hence the field energy is turned into
heat instead of plastic deformation.
The interval (1) has been obtained taking into account that the fields
En (r, ω) and Hn (r, ω) (defined in Section 2.5, equations (22) and (23)) are
symmetric with respect to the frequency (i.e., En (r, ω) = En (r, −ω) and
Hn (r, ω) = Hn (r, −ω)), which makes it possible to generate the whole spectrum from the fields computed only in ω ∈ [0, ∞).
Finally, we have also taken into account that the spectra of the fields
possess a sharp peak around the frequency of the discharge ω0 (see Section
2.5). This implies that the main contribution to the Fourier transforms of
the fields (equations (20) and (21)) comes from the frequencies in the close
vicinity of ω0 and hence their spectra do not spread outside the interval (1).
8

2.2

Inductance and resistance of the system coil-work piece

The repulsive force between the coil and the work piece is a consequence
of the time varying current I(t) generated in the RLC circuit of Fig. 1.
To calculate I(t) we first need the values of the inductance Lcw and the
resistance Rcw . We do not take into account the capacitance of the system
coil-work piece because it is negligible in the geometries and at the frequencies usually involved in electromagnetic forming. The same is applicable to
the capacitance of the cables connecting the coil with the capacitor bank.
We consider the set coil-work piece as a generic, two-terminal, linear,
passive electromagnetic system operating at low frequencies. We can imagine the coil and the work piece inside a volume υ with only its input terminals
protruding. Under these assumptions, the inductance Lcw and the resistance
Rcw at the frequency ω can be calculated with [14, 12]

Lcw (ω) =

1

Z

|In |2

Rcw (ω) =

1

µ|H(r, ω)|2 dυ,

(2)

σ|E(r, ω)|2 dυ

(3)

υ

Z

|In |2

υ

where In is the current injected into the system through the input terminals, µ is the magnetic permeability, H(r, ω) is the magnetic field, σ is the
electrical conductivity and E(r, ω) is the electric field. Inside the volume of
the coil we replace equation (3) by the equation

Rcw (ω) =

1

Z

|In |2

υ
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|J(r, ω)|2
dυ
σ

(4)

where J(r, ω) includes the imposed and induced current densities and σ is
the conductivity of the coil.
The injected current In is a dummy variable that is only used to excite
the problem. It can take any value without affecting the final result of
(2) and (3). We usually impose a spatially constant current density with
Jimp = 1 MA/m2 in the volume of the coil and obtain In from a surface
integral of the total current density J = Jimp + σE.

2.3

RLC circuit

In Fig. 1 a typical RLC circuit used in electromagnetic forming is shown.
This circuit has a resistance R, an inductance L and a capacitance C given
by
R = Rcb + Rcon + Rcw ,
L = Lcb + Lcon + Lcw ,

(5)

C = Ccb .
The values of R and L vary with time because of the deformation of the
work piece. In contrast, the capacitance C remains constant during the
whole forming process. The intensity I(t) for all t ∈ [0, ∞) flowing through
the circuit of Fig. 1 satisfies the differential equation

0=

d2
1
d
(LI) + (RI) + I,
2
dt
dt
C

(6)

with initial conditions V (t0 ) = V0 and I(t0 ) = 0. The initial value V0
represents the voltage at the terminals of the capacitor. This voltage is

10

related with the energy of the discharge U0 by
1
U0 = CV02 .
2

(7)

To find I(t) with (6) we have to know first R(t) and L(t) for all t ∈ [0, ∞).
If we consider a loose coupling strategy, the functions R(t) and L(t) are
constants and equal to the values R0 and L0 calculated at the initial position
with an un-deformed work piece. Therefore, we have that R(t) = R0 and
L(t) = L0 for all t ∈ [0, ∞). Under these circumstances, the solution of (6)
is given by
I(t) =

V0 −γ0 t
e
sin(ω0 t),
ω0 L0

(8)

where
s

ω0 = 2πν0 =

1
−
L0 C



R0
2L0

2

(9)

and
γ0 =

R0
.
2L0

(10)

If we consider a sequential coupling strategy then we solve (6) in time intervals [ti , ti+1 ]. These time intervals correspond with the time periods between
two successive calls to the electromagnetic equations. We can assume that
L(t) and R(t) are constants inside each [ti , ti+1 ] and equal to the values Ri
and Li calculated with the deformed work piece at ti . In a sequential coupling strategy, the expression (8) can be considered to be the solution of the
first time interval [t0 , t1 ].
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2.4

Frequency of the discharge

Equation (8) shows that if we want to know the intensity I(t) we have to
know first the values of C, V0 , L0 , R0 , and ω0 . The capacitance C and the
voltage V0 are given data, but the inductance L0 , the resistance R0 and the
frequency ω0 must be calculated. This is the objective of this section.
For a given capacitance Ccb , the frequency of the discharge ω0 can be
found by solving the implicit equation

C0 (ω) − Ccb = 0,

(11)

where C0 (ω) is obtained after reordering expression (9) by the relation

C0 (ω) =

4L0 (ω)
.
2
4ω L0 (ω)2 + R0 (ω)2

(12)

Equation (11) can be solved with any root-finding method available (e.g.,
bisection method or the false position method). In this work, we simply
take the result from the graphical representation of C0 (ω) (see Fig. 14).
The functions L0 (ω) and R0 (ω) appearing in (12) are obtained with the
help of equations (2)-(5). We must take into account that the intensity (8)
is an exponentially decaying sinusoid with a frequency spectrum given by
(25). Therefore, we must average L0 (ω) and R0 (ω) over this spectrum

h L0 (ω) i =

h R0 (ω) i =

Z

Z

L0 (ω 0 ) Fω (ω 0 ) dω 0 ,

(13)

R0 (ω 0 ) Fω (ω 0 ) dω 0 ,

(14)
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where Fω is the normalized spectrum of the intensity (8) oscillating at the
frequency ω. The problem is that, to obtain the spectrum of (8), we must
know first the values of L0 and R0 for the frequency of an oscillation which
is not damped (see equation (25)). This circular loop can be broken using
an iterative procedure. That is, for a given frequency ω, we introduce the
values of L0 = L0 (ω) and R0 = R0 (ω) in Fω . Then, with this Fω , we
calculate h L0 (ω) i and h R0 (ω) i with (13) and (14). These averaged values
are introduced in Fω and, then, a new average is computed. This process
will continue until the values of h L0 (ω) i and h R0 (ω) i stop changing (up to
a previously determined tolerance).
Fortunately, the above calculations can be simplified thanks to the sharply
peaked shape of Fω around the frequency of the discharge and the slow variation of the functions L0 (ω) and R0 (ω) along the frequencies of practical
interest (see Sections 2.1 and 3 and the examples in [26]). This two circumstances make h L0 (ω) i ≈ L0 (ω) and h R0 (ω) i ≈ R0 (ω) to be a good
approximation. Even for lower frequencies, where the variations of L0 (ω)
and R0 (ω) with respect to frequency are stronger, this approximation can
give good results. For instance, in the examples of [26], it is shown that
the low frequency intensities calculated with the above approximation are
similar to those measured or calculated with other numerical methods.
For the above reasons, in this work, we consider that the behavior of the
inductance and resistance of the RLC circuit with respect to the frequency
satisfies h L0 (ω) i = L0 (ω) and h R0 (ω) i = R0 (ω), being L0 (ω) and R0 (ω) the
functions obtained with (2)-(5). It is also worth to mention that, although
the calculation of the current will be more involved if we consider the multi13

frequency nature of L and R, the computational efficiency of the method
will remain the same, since the number of time-harmonic simulations (the
more computational expensive part) is not altered by this fact.
In the case of using a sequential coupling strategy, we must take into
account that the functions Li (ω) and Ri (ω) are different at each [ti , ti+1 ]
and, as a consequence, the frequency ωi is also different at each time interval.
Therefore, we must re-calculate Li (ω), Ri (ω) and ωi every time we call the
electromagnetic model.
For a given set of coil, work piece and connectors, the frequency of the
discharge is determined by the capacitance Ccb . Usually, the value of Ccb can
be selected from a discrete set of capacitances offered by the capacitor bank.
Therefore, we can change the frequency of discharge by selecting different
values of Ccb . Equivalently, if we want the current intensity to oscillate at a
given frequency (for instance, if we know beforehand the optimum frequency
of the discharge) then we only need to select Ccb with the help of expression
(12).

2.5

Lorentz force on the work piece

If we consider that the dimensions of the system coil-work piece are small
compared with the wavelength of the prescribed fields (quasi-static regime),
the materials are linear and the modulus of the velocity at any point is always
much less than 107 m/s then, the Lorentz force per unit volume f (r, t) can
be expressed as [37, 20, 21]

f (r, t) = J(r, t) × B(r, t) = σµ ( E(r, t) × H(r, t) ) ,
14

(15)

where r is a point inside the work piece, J = σE is the induced current
density and B = µH is the magnetic flux density. The above assumptions
are effectively accomplished in any EMF system. The frequencies involved
in EMF are in the order of ν ≈ 103 − 104 Hz with wavelengths in the order of
λ ≈ 103 −105 m. As a consequence, we can consider the displacement current
negligible ∂D/∂t ≈ 0 (then ∇ · J ≈ 0 and ρ ≈ 0) and treat the fields as if
they propagated instantaneously with no appreciable radiation [37]. Also,
the velocities involved in EMF are in the order of |v| ≈ 102 − 103 m/s, which
allows us to neglect the velocity terms that appear in Maxwell’s equations
when working with moving media [20].
If the work piece is linear, homogeneous and non-magnetic (µ = µ0 ) then
we can represent the electromagnetic force as a magnetic pressure

P (r0 , t) =


1 
µ0 |H(r0 , t)|2 − |H(rτ , t)|2 ,
2

(16)

where r0 is a point located on the work piece surface facing the coil and rτ
is a point located on its opposite side, perpendicular to r0 . To reach this
expression we have to remind that, under the assumptions postulated at the
beginning of this section, equation (15) can also be expressed as


f = −∇

1
1
|B|2 +
(B · ∇) B.
2µ0
µ0


(17)

This equation (17) is obtained from the Lorentz force (15) with the help of
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the vector identity
1
B×∇×B=∇
|B|2 − (B · ∇) B
2




(18)

and the Ampère’s circuital law

∇ × B = µ0 J.

(19)

In EMF the last term of the right hand side of (17) is usually negligible
compared with the first. This is equivalent to neglect the compressive and
expansive forces parallel to the work piece surface and to state that, in
EMF, the electromagnetic forces are due to the change in magnitude of the
magnetic field along the thickness of the work piece. If we integrate the first
term of (17) along a straight line perpendicular to the work piece surfaces
(through its thickness) from the point r0 to the point rτ then we obtain the
magnetic pressure (16).
If only linear materials in the system coil-work piece are present, then
the fields behave linearly with respect to the current intensity (i.e., if we
multiply the intensity by a constant then the values of the fields obtained
with the new excitation will be also multiplied by the same constant). This
implies that E(r, t) and H(r, t) in (15) are related with the fields E(r, ω) and
H(r, ω) calculated in Section 2.1 by means of the inverse Fourier transform
1
E(r, t) =
2π

Z

∞

−∞

En (r, ω) I(ω) eiωt dω,
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(20)

1
H(r, t) =
2π
where i =

√

Z

∞

−∞

Hn (r, ω) I(ω) eiωt dω,

(21)

−1 is the imaginary unit, En (r, ω) and Hn (r, ω) are the fields

per unit intensity at the frequency ω, and I(ω) is the Fourier transform
of the intensity I(t) flowing through the RLC circuit. The fields per unit
intensity are defined by

En (r, ω) =

E(r, ω)
,
In

(22)

Hn (r, ω) =

H(r, ω)
,
In

(23)

with E(r, ω), H(r, ω) and In the fields and intensity appearing in (3) and (2).
The advantage of using En (r, ω) and Hn (r, ω) is that we can determine the
fields inside the system coil-work piece for any value of the current intensity
I(ω) once it is known for In . The Fourier transform I(ω) is defined as
Z

∞

I(ω) =

I(t) e−iωt dt.

(24)

−∞

If the intensity I(t) is given by (8) then the analytical expression of I(ω) is


I(ω) =

V0
ω0 L0



1
2



1
1
−
,
ω + ω0 − iγ0 ω − ω0 − iγ0


(25)

where V0 , ω0 , L0 , and γ0 are the parameters defined in Section 2.3.
In summary, once we know the intensity I(t) flowing through the coil,
we compute its Fourier transform with (24). Then, with (20) and (21), we
obtain the fields E(r, t) and H(r, t) required in the Lorentz force expression
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(15) or, if applicable, in the magnetic pressure equation (16).

3

Application example: Sheet bulging.

To validate the electromagnetic model explained above we will apply it to
the EMF process presented in [39]. This process consists in the free bulging
of a thin metal sheet by a spiral flat coil. Our objective is to find the
Lorentz force acting on the work piece for the given value of the capacitance
Ccb = 40 µF and the initial voltage V0 = 6 kV.
We have selected this example because it is a very well documented
benchmark which has been solved by several authors. Moreover, most of
the examples shown in the literature present a similar pancake coil setup. Other benchmarks, also widely treated in the literature, are the tube
compression and tube expansion, to which we had also applied the method
explained here (see [26]).
Although in this example we are solving a simple axisymmetric geometry, the main characteristic of the finite element method is that it can deal
easily with complicated geometries and materials. Obviously, we will require more computational resources as the problem gets more complex and
bigger. But, as it is mentioned above, we need only a few simulations and
these simulations can be solved simultaneously and independently. This
paves the path to the implementation of efficient algorithms. Moreover, the
electromagnetic fields in the system coil-work piece can be calculated with
any available finite element code in frequency domain. We used the in-house
code ERMES, but more efficient FEM software packages are available in the
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market and they can speed-up the computations. The computational performance of ERMES when applied to more complex geometries is shown in
[27, 24, 30, 28].

3.1

Description of the system coil-work piece

The spiral flat coil appearing in [39] can be approximated by coaxial loop
currents in a plane. Thus, the problem can be considered axisymmetric.
The dimensions of the coil and the work piece are shown in Fig. 2. The
diameter of the wire, material properties and horizontal positioning of the
coil are missed in [39]. We used the values given in [9], where the same
problem is treated and a complete description of the geometry is provided.
The coil is made of copper with electrical conductivity σ = 58×106 S/m.
The work piece is a circular plate of annealed aluminum JIS A 1050 with
an electrical conductivity of σ = 36 × 106 S/m. It is assumed µ = µ0 in the
coil and in the work piece.
The RLC circuit has an inductance Lcb + Lcon = 2.0 µH, a resistance
Rcb + Rcon = 25.5 mΩ and a capacitance Ccb = 40 µF. The capacitor bank
was initially charged with a voltage of V0 = 6 kV.

3.2

Electromagnetic fields in frequency domain

Although, in this case, the optimal choice would be to perform the computations with an axisymmetric two-dimensional computational tool, we used,
instead, the full-wave three-dimensional code ERMES. The main advantages
of using ERMES are that it is at-hand, it can be customized to our needs
and it can solve more general problems.
19

The FEM model employed is shown in Fig. 3. The geometry is a truncated portion of a sphere with an angle of 20o . We excite the problem with
an axisymmetric current density J uniformly distributed in the volume of
the coil wires. In the colored surfaces of Fig. 3 we imposed a perfect electric
conductor (PEC) boundary conditions. It is not necessary to impose more
boundary condition if we apply in all the FEM nodes of the domain a change
of coordinates from Cartesian (Ex , Ey , Ez ) to axisymmetric around the Y
axis (Eρ , Eϕ , Ey ). That is, at the same time as we are building the matrix,
we enforce at each node of the FEM mesh






 Eρ


 Eϕ



  x/ρ 0 z/ρ   Ex

 

 
 =  −z/ρ 0 x/ρ   Ey

 

 

Ey



0

1

0



Ez








where x and z are the Cartesian coordinates of the node and ρ =

(26)

√

x2 + z 2 .

We preserve the symmetry of the final FEM matrix applying (26) and its
transpose as it is explained in [3]. The advantage of using (26) is that Eρ = 0
and Ey = 0 in axisymmetric problems. This fact reduces the size of the final
matrix and the time required to solve it by a factor of three. Therefore,
we can improve noticeably the computational performance of ERMES in
axisymmetric problems with a simple modification of its matrix building
procedure.
The FEM mesh employed is shown in Fig. 4. It consists of 529189 second
order isoparametric nodal finite elements. The fields E(r, ω) and H(r, ω)
were computed for the frequencies ν = ω/2π ∈ [0, 40] kHz (δ = 0.42τ , see
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Section 2.1) with a frequency step of 4ν = 1 Hz. In a desktop computer
with a CPU Intel Core 2 Quad Q9300 at 2.5 GHz and the operative system
Microsoft Windows XP, ERMES requires around 90 s and 1.5 GB of memory
RAM to solve the FEM linear system at each frequency. We employed
fine FEM meshes and small frequency steps to guarantee accurate solutions
despite the increase in the computational cost. The objective of this paper
is to validate our approach and, as a consequence, we put more emphasis in
the accuracy of the solutions than in the computational performance.
In Figures 5 to 11 we show the results of the computations for different
frequencies. One can see how the fields tend to concentrate in the space
between the coil and the work piece and in the surface of the conductors as
the frequency increases. This fact raises the resistance Rcw of the system
coil-work piece (skin effect) and reduces its inductance Lcw , as it is shown in
Figures 12 and 13. In Fig. 11 we can see that it is possible to simulate the
fields for only a small amount of frequencies in the interval of interest and
obtain the rest of the frequencies by a linear combination of the fields yet calculated. Therefore, we can characterize an EMF system electromagnetically
after solving time-harmonic Maxwell’s equations for only a few frequencies.

3.3

Current intensity in the coil

The current intensity in the coil is given by expression (8). The frequency of
the discharge is obtained with equations (11) and (12) using the inductance
and the resistance calculated as explained in Section 2.4 (see also Figures 12
and 13). In Fig. 14 the capacity C0 (ω) of the oscillating circuit is displayed
as a function of the frequency according to equation (12), and the frequency
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corresponding to a capacitance of Ccb = 40 µF is highlighted. In Fig. 15 the
intensity calculated in this work is compared with the intensity simulated
by Takatsu et al. [39]. We can observe a good correlation between the
numerical values computed for the intensity by both methods, even despite
the fact that, in [39], the current intensity is computed with a numerical
model in which the work piece deformation is taken into account.
In [39] the mutual inductance between coil and work piece is determined
numerically every time step based on computation of the current intensities
flowing through coil and work piece. Once these intensities are known, the
electromagnetic fields are obtained with a closed analytical solution for loop
currents. These fields are imposed as a magnetic pressure in a simulation
code which predicts the dynamical behavior of the work piece loaded by
impulsive forces. After a small time interval, the inductances are calculated
again and so on.

3.4

Lorentz force acting on the work piece

We compute the force acting on the work piece with the equations described
in Section 2.5 and the fields shown in Section 3.2. In Fig. 16 the total force
calculated in this work is compared with that simulated in [39].
In Figures 17 and 18 we show the radial component Bρ and the axial
component By of the magnetic flux density on the work piece surface facing
the coil when the current I(t) reaches its first maximum. We compare the
fields calculated in this work with those simulated by Siddiqui et al. [35, 34].
The EMF process described in this section is simulated in [35, 34] using
two different approaches. One is based on FDTD (Finite Difference Time
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Domain) and the other on FEM (Finite Element Method). In the FDTD
approach, Siddiqui et al. solve Maxwell’s equations in time domain with an
in-house code. The electromagnetic fields are generated by a pre-calculated
current intensity flowing through the coil. This current is a damped sinusoid
which is determined neglecting the work piece deformation. On the other
hand, in the FEM approach, Siddiqui et al. solve time-harmonic Maxwell’s
equations with the freeware software FEMM4.0 [8]. In [34], the fields are
calculated with FEMM4.0 assuming a time-harmonic current intensity oscillating at a frequency and with a maximum value equal to the first pulse
of the current intensity simulated in [39].
We can see in Figures 17 and 18 that (apart from a shift caused by using
a different positioning of the coil) the results given by both FEM codes are
similar to each other, but different from the results given by the FDTD
method. The differences between the FDTD and the FEM approaches can
be attributed to the use of a coarse mesh in the FDTD method. To show
this, we solved a problem similar to the one described here but with a fixed
work piece of thickness τ = 3.0 mm, gap distance h = 2.9 mm and initial
voltage V0 = 2 kV. We calculated in this set-up the radial component of
the magnetic flux density Bρ . Then, we compared our results with the
simulations performed in [34] for different FDTD mesh sizes. In Fig. 19 we
see that when the FDTD mesh is coarse (6 elements along the thickness of
the sheet) the results of the FDTD simulations are different from the results
obtained with ERMES. If we improve the FDTD mesh to 20 elements along
the thickness of the sheet, the results of the FDTD simulations are similar
to the results obtained with ERMES. Therefore, it is clear that we need a
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fine mesh in the work piece to simulate properly the electromagnetic fields.

3.5

Deformation of the work piece

For comparative purposes we also calculated the deformation of the work
piece. The mechanical equations were solved with the commercial software
STAMPACK [36]. This numerical tool has been applied to processes such
as ironing, necking, embossing, stretch-forming, forming of thick sheets,
flex-forming, hydro-forming, stretch-bending of profiles, etc. It can solve
dynamic problems with high speeds and large strain rates, obtaining explicitly accelerations, velocities and deformations. In this work, our emphasis
is on the electromagnetic part of the EMF process, hence, we do not go
further into the numerical formulation behind STAMPACK. For a detailed
information about this formulation see [4].
We introduced in STAMPACK the magnetic pressure calculated with
the fields of Section 3.4 and the equation (16). STAMPACK interprets this
magnetic pressure as a mechanical pressure which deforms the work piece.
The results are shown in Fig. 20.
In STAMPACK the mechanical model used in [39] is not available.
Therefore, we had to adapt the parameters of the available model to reproduce the behavior of the material used in [39]. We considered the work
piece as an aluminium alloy with a Young’s modulus equal to 69 GPa, mass
density of 2700 kg/m3 and Poisson’s ratio equal to 0.33. STAMPACK used
the Voce hardening law
σcs = σy0 + (σm − σy0 ) 1 − e−nεps ,
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(27)

where σcs is the Cauchy stress, σy0 = 34.9 MPa is the yielding tensile
strength, σm = 128.8 MPa is the ultimate tensile strength, n = 12.0 is
the isotropic hardening parameter and εps is the effective plastic deformation. STAMPACK also used a damping proportional to the nodal velocity
(Fi = −ηi vi ) with ηi = 2αMi , being α = 138.6 s−1 and Mi the lumped mass
at the i-th node. The constant parameters of the mechanical model were obtained introducing in STAMPACK the magnetic pressure simulated in [39].
Then, we adjusted the parameters until we achieved with STAMPACK the
same deformation of the disk as measured in [39]. The parameters were
calculated in this way because the objective of the mechanical simulation
was to compare the behavior of the work piece under the magnetic pressure
simulated by Takatsu et al. and the one calculated in this work.
As can be observed from the deformation of the work piece measured by
Takatsu et al. (see Fig. 20) the movement of the work piece starts when
the decreasing part of the first half wave of the strongly damped discharging
pulse is almost over and, hence, nearly all energy of the electromagnetic field
is already transferred to the work piece (see Fig. 16). This explains, why in
this case, it is a good approximation to neglect the work piece deformation.

4

Conclusion

In this paper we have presented a numerical model for the simulation of the
electromagnetic forming processes. This method is computationally efficient
because it only requires to solve time-harmonic Maxwell’s equations for a
few frequencies to have completely characterized the EMF system. Once
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we know the fields inside a volume containing the coil and the work piece,
we can easily calculate the Lorentz forces that drives the EMF process for
all the possible variations of the external circuit (e.g., we do not need to
repeat the simulations if the capacitance Ccb is changed). The approach
can be very useful for coil design, estimating the order of magnitude of the
parameters of an EMF process, for experimentation on modeling conditions
or for modeling complex three-dimensional geometries. Moreover, it can
be easily included in a sequential coupling strategy if higher precision is
required. Also, it offers an alternative to the more extended time domain
methods and a new insight into the physics of EMF.
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Figure 1: RLC circuit used to produce the discharge current. In the shadowed rectangle on the left the capacitor bank with capacitance Ccb , inductance Lcb and resistance Rcb is represented. In the shadowed rectangle on
the right the system formed by the coil and the metal work piece is represented. This system has an inductance Lcw and a resistance Rcw . Between
both rectangles the cables connecting the capacitor bank with the coil are
represented. These cables have an inductance Lcon and a resistance Rcon .
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Figure 2: Dimensions of the system coil-work piece, data taken from [39, 9]:
number of turns of the coil N = 5, pitch or distance between two neighboring
turns p = 5.5 mm, diameter of the coil wires d = 1.29 mm (16 AWG),
maximum coil radius rext = 32 mm, minimum coil radius rint = 8.71 mm,
distance between coil and metal sheet h = 1.6 mm, thickness of the sheet
τ = 0.5 mm, radius of the work piece Rwp = 55 mm.
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Figure 3: CAD geometry used in ERMES to compute the time-harmonic
electromagnetic fields. In the blue colored surfaces a perfect electric conductor (PEC) boundary condition was applied.
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Figure 4: Details of the FEM mesh used in ERMES. The mesh consists of
529189 second order isoparametric nodal finite elements.
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Figure 5: Modulus of the electric field per unit intensity En at ν =
16.35 kHz.

Figure 6: Modulus of the magnetic field per unit intensity Hn at ν =
16.35 kHz.
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Figure 7: Modulus of the electric field per unit intensity En at ν = 4 kHz.

Figure 8: Modulus of the electric field per unit intensity En at ν = 30 kHz.
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Figure 9: Modulus of the magnetic field per unit intensity Hn at ν = 4 kHz.

Figure 10: Modulus of the magnetic field per unit intensity Hn at ν =
30 kHz.
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Figure 11: Modulus of the magnetic fields per unit intensity Hn (r0 , ω) and
Hn (rτ , ω) as a function of the frequency ν = ω/2π. The point r0 is located
on the work piece surface facing the coil. The point rτ is located on the opposite side of the work piece, on the surface farthest to the coil, diametrically
to r0 .
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Figure 12: Total resistance R0 = Rcb + Rcon + Rcw as a function of the
frequency ν for the un-deformed work piece placed in its initial position.
The resistance of the system coil-work piece Rcw is calculated with equation
(3) in the volume of the work piece and with equation (4) in the volume
of the coil. The value of Rcw varies from 8.4 mΩ at the lower frequencies
to 13.2 mΩ at the higher frequencies. We assume that the resistance of the
exterior circuit Rcb + Rcon = 25.5 mΩ remains constant in this frequency
band.
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Figure 13: Total inductance L0 = Lcb + Lcon + Lcw as a function of the
frequency ν for the un-deformed work piece placed in its initial position.
The inductance of the system coil-work piece Lcw is calculated with equation
(2). The value of Lcw varies from 0.86 µH at the lower frequencies to 0.35 µH
at the higher frequencies. We assume that the inductance of the exterior
circuit Lcb + Lcon = 2.0 µH remains constant in this frequency band.
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Figure 14: Capacitance C0 as a function of the frequency ν for the undeformed work piece placed in its initial position. The function C0 (ν)
is obtained from equation (12). If the capacitor bank has a capacitance of Ccb = 40 µF then the oscillation frequency of the RLC circuit is
ν0 = 16.35 kHz.
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Figure 15: Current intensity simulated in Takatsu et al. [39] compared with
the current intensity calculated in this work. We have graphed expression
(8) with V0 = 6 kV, Ccb = 40 µF, ν0 = 16.35 kHz, ω0 = 2πν0 , L0 = 2.35 µH
and R0 = 38.1 mΩ.
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Figure 16: Total magnetic force simulated in Takatsu et al. [39] compared
with the total magnetic force calculated in this work.
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Figure 17: Radial component of the magnetic flux density simulated in [35]
with FEM (FEMM4.0) and FDTD compared with the radial component of
the magnetic flux density calculated in this work with ERMES.
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Figure 18: Axial component of the magnetic flux density simulated in [35]
with FEM (FEMM4.0) and FDTD compared with the axial component of
the magnetic flux density calculated in this work with ERMES.
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Figure 19: Radial component of the magnetic flux density Bρ for the same
coil as displayed in Fig. 2, but with a fixed work piece of thickness τ =
3.0 mm, gap distance h = 2.9 mm and initial voltage V0 = 2 kV. FDTD
(6x110) represents the simulations performed in [34] with a FDTD mesh
of 6 elements along the thickness of the sheet and 110 elements along the
radial direction. FDTD (20x110) represents the simulations performed in
[34] with a FDTD mesh of 20 elements along the thickness of the sheet and
110 elements along the radial direction. ERMES represents the simulations
performed in this work.
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Figure 20: Deformation of the work piece at the positions x = 0 mm and
x = 20 mm as a function of time. The results of this work are compared
with the measurements of Takatsu et al. [39].
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